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Abstract

The article consders the nature of the market risk premium and seeks to estimate its value. To these
ends, the market economy is modelled as an organic or exponentia growth processin which
investors have alog-wedth utility function. It is observed that such investors potentialy accept the
risk premium that derives from the additiona expectation of return that is generated by the riskiness
of the processitsdf. In other words, “risk creates its own reward’. Ultimately, we modd the
market risk premium as the outcome of the supply and demand of assets. The mode implies that
the market risk premium is actually much less than is indicated by ex-post returns observed on US
stock markets, and is perhaps as little as two percent over and above the rate offered by
Government bonds. In terms of the mode, investors choose to dlocate their portfolios long in both
the risky market and the riskless asset. Further, their portfolios are independent of the investment

time horizon.



“ Estimating the Expected Equity Market Risk Premium:
An Analytical Approach”

1. I ntroduction.

Recent studies of globa equity markets have highlighted the superior performance of the US stock
markets. Jorion and Goetzmann (1999) and Siegel (1997) conclude that the US stock market
offersaclear case of surviva bias. Inthisview, the US economy and its sock markets have
consstently surpassed expectations in their ability to overcome chalenges to their advancement:
nuclear threat from the Soviet Union, the costs of Vietnam, inflation fears, OPEC dStrategy to create
an economic fulcrum on ail, the economic competition threets from the Asan Tiger economies, and

soon. Inshort, it was not always evident that the US stock market would become dominant.

The present paper advances amodd that is congstent with asmaller ex-ante market risk premium
than has previoudy been supposed on the basis of US market data. In terms of the modd, the
market risk premium, over and above that offered by Government bonds, may rationdly be aslittle
as two percent per annum. Our proposed mode represents the economy - and the market of asset
claims on the economy — as an organic or exponential growth process of gppreciation. \We consider
that investors can be characterized as having log-wedth utility functions, and that the market risk
premium may be modelled as the outcome of such investors desire to maximise utility in the context
of the rdlative supply and demand of market and riskless assets. In which case, investors
potentialy accept the risk premium that derives from the additional expectation of return thet is
generated by the riskiness of the processitself; in other words, “risk createsits own reward”. The
mode further implies that log-wedlth utility investors make investment choices that are long in both
the risky market and the riskless asset, and, consistent with Samuelson’ s arguments (1963, 1989,

1994), that such portfolio choices are indifferent to the investor’ s time-horizon.

The paper is arranged asfollows. In the following two sections, we outline the essentia framework
of themodd. Firgt, we introduce the binomia growth mode, which is extended to incorporate both
risky and riskless asset components. In the section thereafter, we introduce log-wedth utility



investors, and examine their propensity to invest between risky and riskless assets. The following
section presents the implications for the market risk premium.  The penultimate section compares the
mode’ s most important predictions with the foundations of the CAPM, before the final section
concludes the paper.

2. An Organic Growth Modd of Appreciation

(i) Theorganic or exponential growth process

In this subsection, we introduce the concept of exponentia or organic growth. A feature of
investment in such growth is that the uncertainty —which isto say, the risk — that surrounds the
wesdlth outcome of itself creates an expectation of growth. This observation is consstent with the
observation that the potentid wealth outcome of an investment is, on the upside, theoreticaly
unbounded, while on the downside it cannot be less than zero. Exponentia or organic growth
occurs commonly in nature and in the biologica sciences. Such growth occurs from the base of the
current value, S0 that the outcome vauation at the end of atime intervad is the sarting vauation
multiplied by exp(x) where x - the exponential growth rate of the process —is normally distributed.*
The assumption that ssockmarket growth can be modelled by such aprocessisjudtified by the
evidence of past stock price performance (for example, Fama, 1976, ch. 2; and more recently,
Jones and Wilson, 1999).2

An interesting feature of normally distributed exponentid growth rates over an intervd, is thet the
disgtribution can be modelled as the outcome of a smple binomial digtribution of exponentia growth
rates imposed over asufficiently large set of sub-intervas. In the binomid framework, the
exponential growth rate, X, over each sub-intervd, is restricted to being either mts or ms with
equa probability; wheremand s, respectively, are equa to the mean and standard deviation of the
assumed underlying normaly distributed exponentid growth rates over the sub-interva. This
observation is useful because the features of exponentia growth can be reveded more readily in

terms of abinomia framework representation. The binomid processis represented in pand 1 of



Table 1, where the entries are the possible wedth outcomes multiplied by the probability of
outcome® (we justify the subgtitution of abinomial growth process for the actual normally distributed
growth processin Appendix A).

- - - Table1 about here- - -

An interesting example of binomid exponentia growth iswith m=0and s = 28.768%, so that
exp(0 + 0.28768) and exp(0 - 0.28768) equal, respectively, + /5 and - %/,. That isto say, the
investment outlay has an equal chance of incressing by /5 and decreasing by /4 in each investment
period.”  Commencing with an outlay investment of $12, the possible outcomes &t the end of the
first two periods are presented in Table 2 (left-hand side, pandl 2). We note that the “expected”
wedlth outcome of $12 invested for asingle period is determined as '/,,(12 x 1'%3) + Y.(12x %) =
12.50 (left-hand side, panel 3, Table 2)°; which is to say, the expected percentage increase in
wedth is (12.50 — 12)/12 x 100 = 4.17%. Thus we observe that an exponential growth process
with underlying mean exponentid growth rate mequal to zero, but with a dispersion of outcome
possibilities around such zero rate (s grester than zero), generates an expected wed th outcome that
exceeds theinitia investment.

Generdly, investors wish to be able to identify the return that equates with an expected wedlth
outcome. Here, we identify such return, r, as applied exponentially, which isto say, applied
continuoudly as opposed to discretely. Thus we define the “ expected return” for an investment, r,
with the statement:
exp(r) = the expected wedth outcome of investing $1 over asingle period
which isto say”:
r = In[expected wedth outcome of investing $1 over asingleperiod] (1)
where In represents the natural log functior?. For the binomia process, we therefore haver (see
pand 1, Table 1) as”:
r = In{ Y% [exp(m+s) + exp(m- s)] }

If the period over which r is messured is sub-divided into a sufficient number of intervals, so thet the
end-of-period outcomes become normdly as opposed to binomidly distributed, r is expressed:



r = m+ %s? 2)
as utilized in the continuous time framework of the Black-Scholesmodd.?  For example, with m=0
and s = 0.28768 (as above), we determine, r = 4.14%.

(ii) Exponential growth with risky and riskless assets

In the following sections, we turn to consider how arationa investor might choose to dlocate an
investment portfolio between the market of risky assets (with mean exponentid rate of return my,
and standard deviation about such rate, s ,,) and ariskless asset such as Government securities
(with exponentid rate of return, ry). To thisend, we need to be able to describe the possible wealth
outcomes of the portfolio in terms of the chosen proportion (w) alocated to the market of risky
asHs. In effect, we wish to be able to represent the underlying growth possibilities for the portfolio
asafunction of w with abinomid process amilar to that of panel 1 of Table 1. It turns out that the
appropriate binomid process for the portfolio comprising the risky market and the riskless asset is
one with mean exponentid growth rate, nttand standard deviation s ¢ where ntand s ¢are related to

Mm, S m, 1, and w by:

me = Y {Inwexp(m,+ s ) + (1- w) exp(r?)]
+ Infw exp(Mh - s m) + (1- w) exp(ry)] } €)

s¢ = Y {Infwexp(mn+ s m) + (1- ) exp(ry)]
- In[w exp(my - S m) + (1- W) exp(r1)] } 4

The usefulness of equations 3 and 4 liesin the fact that for any portfolio combination of My, S m, I+,
and w, we can smply subgtitute such values into these equations, caculate nttand s ¢ and replace m
and s in Table1 with ntand s ¢ We demondrate this outcome in Appendix B. Both the kind of
choices that are at stake, and the applicability of equations 3 and 4 to a delineation of such choices,
may be illustrated in terms of the above investment opportunity that with equd likelihoods elther

increases wedlth by /5 or decreasesit by /4, conddered in conjunction with the riskless asset. We



take the approach of firstly, constructing possible outcomes from first-principles, and secondly,
observing how such outcomes are generated in terms of equations 3 and 4.  Thus consider an

investor who is choosing between the following three investment portfolios.

(a) portfolio “100% risky”:  investment wealth 100% in the above risky investment
opportunity,

(b) portfolio “50% risky”: 50% of investment wedlth in the above risky
opportunity and 50% in the riskless asset (with zero
interest rate), and

(c) portfolio “100% riskless’:  investment wealth 100% in the riskless asset (with zero
interest rate).

- - - Table2 about here- - -

Comparing the three portfolios, we can make the following obsarvations. With initia investment of,
say, $12, the outcome wedlth for portfolio “riskless’ remainsat $12. The outcome wedlth
possihilities for portfolios “100% risky” and "50% risky” over the first couple of intervas are
represented in panel 2 of Table 2 (for portfolio “100% risky”, left-hand side; portfolio “50% risky”,
right-hand Sde). For example, commencing with an initid investment of $12, the upper outcome of
$14 in panels 2 a the end of the first step for portfolio “50% risky” is calculated as the outcome of
$6 invested a 0% in the riskless asset, = $6, in conjunction with $6 which incresses by /s, = $8,
yielding $6 + $8 = $14. The entry $16'/5 at the end of the second step is then calculated as the
outcome of $7 invested at 0% in the riskless asset, = $7, in conjunction with $7 which increases by
Y5, = $9Y5, yidding $16%;. The expected wedlth outcome, E(Wy) (thet is, the probability-weighted
sum of outcomes) at the end of period N is presented in pand 3 of Table 2. The per-period
expected return, r, isthen calculated asr = I E(Wy)/E(Wh-1)], Yielding constant expected returns,
4.08% and 2.06%, respectively, for portfolios “100% risky” and “50% risky” (pand 4, Table 2).
For portfolio “100% riskless’, for comparison, r istrividly zero. In addition, we observe thet the
wesdlth outcomes for portfolio “100% risky” remain ‘centred through time on theinitia investment
outlay, $12; which isto say, the median outcome remains as $12 (see end-of-second period, left-
hand side pand 2). Thisfollows because sequences of again of /5 followed by alossof %/, and a



loss of Y/, followed by again of /3, both bring us back to $12. In the case of portfolio “50%
risky”, however, both these sequences have created an ‘upward drift’, meaning that the 'centred' or
median outcome increases through time, which outcome at the end of the second period is $12.25

(see end-of-second period, right-hand side pand 2).

In Appendix C (partsi —iii), we demongtrate the gpplicability of equations 3 and 4 by showing how

these equations reproduce the above example in a straight-forward manner.

3. The Log-Wealth Utility Function and Portfolio Selection

A log-wedth utility function is supported as descriptive of investor wedth choices by Markowitz
(1991) who consders that such a function captures the mean-variance investment criterion. The
log-wedth utility function has the properties of (i) decreasing absolute risk aversion (meaning that
equal absolute losses decline in importance as wealth increases) and (i) constant relative risk
averson (meaning that oneis equally averse to proportiond losses in wedth) (for an introduction to
utility, see Kritzman, 1992). Economigts generdly agree that investors have decreasing absolute risk
averson. Interestingly, Copeland and Weston (1988) argue that a“ decreasing margina utility of
wesdlth is probably geneticaly coded because without it we would exhibit extreme impulsve
behavior. We would engage in the activity with the highest margind utility to the excdluson of al
other choices. Addictive behavior would be the norm” (p. 88). Astheinverse of the exponentia
function of growth, anaturd log-outcome utility has the effect of balancing the ingtinct to pursue
growth opportunities with the need to safeguard current wealth.® We point out, however, that there
isless consensus that investors maintain strict constant relative risk aversion at the prospect of an
increasingly severeloss a an increasingly low probability: “progpecting theory” suggests that
investors are typicaly less averse to such down-sde losses than isimplied by log-wedlth utility.
Nevertheless, we shdl in the remainder of the paper take it as aworthwhile hypothess that investors
can be described by anaturd log-wedth utility. We shdl return briefly to the assumption of log-
weslth utility in the conclusion to the paper.

For anatura log-wedlth utility investor, the per-period utility (U) provided by invesment in organic
or exponentia growth with mean per-period exponentia growth rate, misequa tom That is, we



U = mean exponentia growth rate )

which may be interpreted as either the utility gain over a sngly—identified period, or the utility gain
over N periods divided by N. In effect, equation 5 follows from the observation that the natural log
function, ‘In’ istheinverse of the exponentid function, ‘exp’ (thet is, In[exp (X)] = X, for any X), as
demonstrated in Appendix D.*°  Thus an investor with a natural log-weslth utility function enjoys
per-period utility U = m from investment in exponentid growth independent of the dispersion of
possible outcomes at the termination of each stage of the investment process. Only the mean
exponentia growth rate, m isimportant. We thereby observe that it is the case that the expectation
of return generated by the dispersion or voldility of returnsisjust sufficient to compensate the
investor for the risk to wealth outcome implied by the self-same dispersion. In other words, in the
expression for an investment’ s expected return, r (equation 2), the contribution generated by the
dispersion of outcomes (Vs ?) isjust sufficient to compensate the investor for bearing such
disperson (s). Inafundamentd sense, risk createsits own reward. Alternaively, in the context of
exponentia growth, we may observe that alog-wedth utility investor is not “risk-averse”, but “risk-
neutral”.

We are now in aposition to gpply the utility concept to an investor’s selection between portfolios
(a): “100% riskless’, (b): “100% risky”, and (c): “50% risky” as considered in the previous
section. The log-wedlth utility at the end of each period is caculated as the sum of the utilities
afforded by each outcome, with each utility multiplied by the probability of the outcome's
occurrence (thisis the Von Neumann and Morgenstern theorem expressed as equation A in

Appendix D). Thuswe have:

(@ Portfolio 100% riskless:
The utility remains as In(12) = 2.4849.
The per-period utility gain istherefore zero.



(b) Portfolio “100% risky” (left-hand side pandl 2, Table 2):

origind wedlth utility = In (12) = 2.4849,
end-of-period 1 utility = 0.5 In(16) + 0.5 In(9) = 2.4849,
end-of-period 2 utility = 0.25 In(21Ys) + 0.5 In(12) + 0.25 In(6%), = 2.4849,

The per-period utility gain is therefore zero.

(c) Portfolio “50% risky” (right-hand side panel 2, Table 2):
origind wedth utility = In (12) = 2.4849,
end-of-period 1 utility = 0.5 In(14) + 0.5 In(10.5) =2.4952,
end-of-period two utility = 0.25 In(16%5) + 0.5 In(12%,) + 0.25In(9%1) = 2.5055.

The per-period utility gain is therefore:
2.5055 - 2.4952 = 2.4952-2.4849 = 0.0103
or 1.03%."

Thus we observe that the per-period utility 1.03% offered by the hybrid portfolio “50% risky”
actudly exceeds that offered either by portfolio “100% risky” (per period utility = 0) or by portfolio
“100% riskless’ (per period utility = 0). That is, alog-wedth utility investor chooses the hybrid
portfolio “50% risky”. In Appendix C (part iv), the above outcomes are revealed immediately in

terms of equation 5.
We can consider whether an even greater utility might be offered by some other combination of the
risky and riskless assets. To this end, we observe that the per-period log-wedlth utility (U) offered

by aportfolio with proportion w in the risky asset may be expressed (with equations 3 and 5) as:

U = nt= Y{ InNwexp(m+s ) + (1- w) exp(rs)]
+ Infw exp(ms ) + (1- w) exp(r1)] } (6)

Withm=r; =0, thevaue of U asderived aboveis maximized with w = 0.5. We demondtrate this
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outcome in Appendix E. Thus we observe that portfolio “50% risky” (w = 0.5) offers higher utility
than any other portfolio (w ! 0.5). That is, portfolio “50% risky” remains the preferred choice for
log-wedlth utility investors. Utilitiesfor arange of vaues of w are computed in the first row of Table
3.

- --Table3 about here- - -

It isinteresting to close this section by applying the utility modd of equation 6 to the case of a
“depression” economy characterized as one offering only market investment opportunitieswith a
zero mean exponentid growth rate (m, = r = 0). In such case, our above andyssimpliesthat a
log-wedlth utility individua continuesto alocate hdf of resourcesin growth (w = 0.5). Thuseven
with the economy o reduced, investment perssts. With each successive outcome, haf of the
outcome resources (elther enhanced or depleted) are recommitted to the possibility of growth.
Further, the greater the volatility of outcomes as represented by the market sandard deviation, s n,
the greater isthe propendty to invest. That is, the utilities peak more pronounced & w = 0.5 with
increedng Sn,. To eethis, we present in Table 3 the utilities for m, = r; = 0 asafunction of w for
the case s m, = 15.0% (annualized) as measured over US stock performances through 1980-1994,
and for s 1, = 33.6% (annualized) as measured over the period 1926-1939.

In the following section, we extend our analysis to consider a riskless return grester than zero, and
thereby to a consderation of the market risk premium asit is required to induce investors to arrange
their investment portfolios between such riskless asset and the risky market in proportion to the
actua market availability of these assets.

4. Portfolio Allocation and the Mar ket Premium

We commence with arationd log-wedlth utility investor who seeks to optimise utility by balancing
hisinvestment portfolio between the market of risky assets (with m=m, s = s,) and theriskless
asset. Such investor therefore seeks to optimise the utility function U thet is the outcome of
equations 3 and 5:

10
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U = %{Inwexp(mn+s m) + (1- W) exp(r,)]
+  Infw exp(mh - S m) + (1- w) exp(r1)] } (7

In the particular case my, = 1+, the value of U as derived above is maximized asin the previous
section when w = 0.5 (as demonstrated in Appendix E). In other words, if it were the case that m,
= ry, log-wedlth investors would choose to alocate their investment wealth equally between the
market of risky assets and the riskless asset. We present this outcome in pand 1 of Table 4, where
with my, = ry = 2.0% (annudized, reflecting ared return on Government bonds, data from Ibbotson
Associates, see Bredley and Myers, 1996, p. 146), and standard deviation of market returns, s m =
15% (annualized, reflecting the performance of US stocks over the period 1980-1994, see Bredey
and Myers, 1996, p. 153), we smulate the utility U (equation 7) over the range of w. We observe
that in al cases, the utility of a portfolio that islong in both the market of risky assets and the riskless
ass, is greater than the utility offered by investing exclusvely in ether the risky market or the
riskless asset, and, as we have observed, is maximized by investing equaly between the risky
market and theriskless asset. Further, going short in either the risky market or the riskless asset
offers utilities that are markedly less than those offered by investing in any long combination of the
risky market and riskless asset, dropping to zero at roughly 50% leverage and becoming negative at
higher levels of leverage. Findly, and condstent with Table 1 (pane 4), the per-period utility is
determined independently of the number of periods over which the smulation isrun.

---Table4 about here- - -

The supply of the riskless asset, however, isless than the supply of assets congtituting the market of
risky assets. Pand 1in Table 4 cannot therefore be consdered as representing equilibrium.
Equilibrium requires that investors dlocate their portfolios between the market of risky assets and
the riskless asset asto be conggtent with the relative availability of these asset classes. We
therefore require that investors choose to alocate a greater part of their portfolios in the market of
risky assets. Tothisend, it must be the case that the risky market is priced so that m, is greater
than rs. Setting m, equd to 2.5% (while maintaining r; = 2.0%), leads to the outcomes in pand 2 of

1



Table4. Asinpand 1, aportfolio invested 100% in the riskless asset (w = 0) has utility equa to r¢
(= 2.0%) while a portfolio congtituted 100% in the market now has utility equa to m, ( = 2.5%). In
this case, the utilities offered in the range w = 55% to 90% remain essentidly flat at 2.6%. That is,
investors with log-wedlth utilities now choose to hold between 10 and 45% of their portfolio in the
riskless asset. Thuswe observe that the *flatness of the outcome utilities implies afair degree of
investment flexibility consstent with log-wedth utility. Setting m, equd to 3.0% (while maintaining r;
= 2.0%), leads to the outcomes in pand 3 of Table 4. In this case, the utilities offered in the range w
= 65% to 100% remain essentidly flat a 3.0%, implying that investors with log-wedlth utilities
choose to hold between zero and 35% of their portfolio in the riskless asst.

Thus we observe that the differentia between m, and r¢ is determined by market supply and
demand. The relaionship however is dependent on s . Thisisbecausewithincreasing s,
investors choose to alocate the riskless asset to their portfolios at increasingly lower returns relative
to the expectation of return on the risky market. To seethis, we consider the standard deviation of
the market at the higher value of 20% (as measured over the extended historica period 1926-1994,
data from Ibbotson Associates, see Bredley and Myers, p.152). To achieve the same profiles for
investor alocations between risky and riskless assets asin panels 2 and 3 of Table 4, we need to
increase the differentid between my, and r¢. Thus setting m, = 3.0% (while maintaining r¢ = 2.0%),
generates the utilities in pand 4 of Table 4, where again the utility remains essentidly flat in the range
w = 55% to 90% (asfor s = 15%, pand 2), implying that investors will again invest between 10
and 45% of their investment portfolios in the riskless asset; while setting my, = 3.5% generates the
utilitiesin pand 5, where the utility remains essentidly flat in the range w = 65% to 100% (asfor s
= 15%, pand 3), implying that investors again choose to invest between zero and 35% in the
risklessasset. Findly, if we consider the sandard deviation of the market as high as 30% (avaue
closer to the 33.6% actually measured for US stock returns over the depression period, 1926-
1939), and again st the return on Government bonds (1) at 2.0% (it was closer to 1.85% during
the years of the depression), we can estimate that the risky market must be priced to offer amean
exponentia rate of return (m,,) of 4.5% before investors alocate their portfoliosin the range 65% to
90% in the market (panel 6, Table4). Again, consstent with Table 1 (pand 4), the per-period
utilities are observed to be independent of the number of periods over which the amulation is run.
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We may summarise the implications of the above outcomes as follows. The market risk premium
(MRP) per period over and above the rate offered by Government bonds (1) is determined with
equation 2 as.

MRP =[mh+ Yos 2] - It (8

With an annudized standard deviation of market returns, s ,, equal to 15.0% (as measured over the
period 1980-94), and a rate on Government bonds (r; ) equal to 2.0%, we have estimated m, as
3.0%, as being necessary to induce investors to dlocate less than 35% of ther portfolio in
Government bonds (pand 3, Table 4). That is, (m, - 1) is estimated as approximately 1.0%. In
addition, the market investor enjoys the additiona expectation of return (/o' s %) that is generated
by the riskiness of the market itsdf; which with s ,, = 0.15, is also gpproximately 1.0%. The
annudized market risk premium (MRP) over and above the rate offered by Government bonds
(equation 8) isthereby estimated as (M- 1) + oS m? = 1.0% + 1.0% = 2%. A market risk
premium of perhaps less than two percent is clearly much less than has been supposed on the basis
of the historica performance of US stocks. For example, average premiums for US stocks over
Government bonds over the period 1926-1994 are closer to 7.0% (see Bredley and Myers, 1996,
p. 146). On setting the standard deviation of the market (s ) as high as 30% (while maintaining r¢
= 2.0%), we have calculated a mean exponentia rate of return (m,) of 4.5% as necessary to induce
investors to alocate between 65% and 90% of their portfolio in the risky market (pand 6, Table 4).
The expectation of return generated by the riskiness of the market itsdf, /s 2, isthen
approximately 4.5% (s m = 0.30). Inthis case, the annudized market risk premium (MRP) is
estimated as (M - 17) + 28 m? =2.5% + 4.5% =7.0%. Thekind of returns actualy enjoyed in
later years by US stock markets therefore gppear more congistent with arisk premium calculated
with aleve of stock market volatility more typica of the period 1926-1939.

Schwert (1991) has observed that athough the data might now indicate that by the late 1980s and

early 1990s, the volatility of US stock market returns had become closer to 15%, the widespread
impression a this time remained that of especidly volatile stock prices (o, Bredey and Myers,

13
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1996, p. 153). Inthiscase, historica US market returns may be interpreted asin part due to
investor perceptions of volatility. Alternaively, following Jorion and Goetzmann (1999), the high
leve of historicd US stockmarket returns may be interpreted as the phenomenon that US stocks
have continued to surpass investor expectations. That isto say, historical US market returns are not
actualy representative of investor expectations.

5. The Organic Growth Modd with Log-wealth Utility Investors versusthe
Foundations of the CAPM

In this section, we consider the implications of our organic growth mode of gppreciation in
conjunction with log-wedth utility investors, asthey compare with the eements of the capita asset
pricing model (CAPM). To thisend, we consider the foundations of the CAPM as presented by
Sharpe (1964). Sharpe identifies the availability of portfolios facing the investor over asingle period
as the “broken egg” combinations of risk (s) and expected return (r) in Figure 1. Theintroduction
of arisk-free asset with return r¢, alowsfor therisk (s)-return (r) portfolio combinations on the
dashed linein Figure 1. The portfolio combinations are formed by combining the risk-free asst at
point r§ with the portfolio that is a point M (points above M are obtained by borrowing the risk-
free asst at the samerate). The portfolios on the dashed line - the capital market line - condtitute
the efficient set on account of that they offer a superior risk-return relationship for the risk-averse
investor than any dternative combination of risky assets below the line (which al offer lessreturn for
equd risk). Since dl investors must now be assumed to choose portfolio M in combination with the
risk-free asset, portfolio M must represent the portfolio of al available risky assets. A rationa
investor over asingle period will choose from the capital market line in Figure 1, the particular
efficient portfolio that offers maximum utility. To thisend, Sharpe consdersinvestors“A”, “B” and
“C” whose rates of trade-off between risk and reward are represented, respectively, by the
indifference curves A, B and Cin Figure 1. That isto say, the risk-return combinations for each
curve provide the investor with the same utility (see Kritzman, 1992, for example). Higher
combinations, however, provide greater utilities than lower ones, snce for agiven leve of risk (s),

al investors are assumed to prefer a higher expected return (r) to alesser one. Therisk-averse
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investor is therefore deduced to maximise utility by finding the point of tangency between the efficient
st represented by the capitd market line and hishher highest risk-return indifference curve. For
example, investor “A” is the most risk averse of the three pictured in Figure 1 and will chooseto
inves dl of hisportfolio in therisk-free assat. Investor “C”, who isthe least risk averse, will

borrow at the risk-free rate to invest more than 100% of his portfolio in the market portfolio.
Investor “B” has chosen to invest 100% in the market portfolio, M. Nevertheless, in the context of
the model advanced within the present paper, we have observed that investors rationdly choose to
be long in both the risky and non-risky components of the market. Thus we observe that our model
actually precludes al threeinvestors“A”, “B” and “C” as considered by Sharpe (1)

- - - Figures1 and 2 about here- - -

Samuelson over many years has argued that the investment horizon can have no effect on the
preferred riskiness of a portfolio (for example, Samuelson, 1963, 1969, 1989, 1994; Merton and
Samuelson, 1974): “Then it is an exact theorem that The Investment Horizon Can Have No
Effect on Your Portfolio Proportions’ (Samuelson’s emphasis and capitas, 1994). Kritzman
(1994) observes quoting Samuelson: “A risng mean does not overcome the increase in dispersion”.
Our model is consgtent in this respect with Samuelson. Nevertheless, this outcomeis not
necessarily consistent with the foundations of the CAPM. To seethis, consider a possible portfolio
over asngle period which is characterized in Figure 1 by an expected return r, with levd of risk s.
Over N periods, the portfolio is characterized by a compounded expected return Nr, with level of
risk ONs.*?  The risk-return relationship offered by the single-period portfoliosin Figure 1 when
taken over N periodsistherefore represented on a per-period basis asin Figure 2, which is Figure
1 with the x-axis compressed by dividing each standard deviation by ON (thus the gradient of the
capita market lineis ON times the gradient alowing a single investment period).**  Now, consider
investor “A” in Figure 1 (who chooses rationdly to abstain from the market over asingle period on
account of that the highest attainable position of utility is achieved with 100% investment in the risk-
free portfolio). Following Sharpe, thisinvestor construes risk as the variability of outcome returns
for which he requires an enhanced expectation of return. On this basis, he has congtructed his utility
curves as an indifference between such risk and return. He therefore imposes these indifference

curves as were presented in Figure 1 on the capitd market line offered by an N-period investment
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as represented by the solid linein Figure 2. In this case, he clearly achieves ahigher utility
indifference curve by investing a proportion of investment wedth in the market portfolio (at darified
by point A, Figure 2). For such an investor, the portfolio allocation between risky and riskless
assetsis thereby observed to be dependent on the time horizon. Thus we observe that the mode
presented in the present paper both (i) restricts investor portfolio alocation choices as compared
with the CAPM, and (ii) unlike the CAPM, denies the possbility that longer investment horizons
might induce investors to greeter risk-taking.

6. Conclusion

The paper has advanced a Dempsey organic growth model of gppreciation (Dogma) for the
market. A key feature of the model is that growth occurs continuoudy with rates that are normally
distributed and independent of each other through time. The mode represents a smplification of
redity. For example, the mode does not dlow for a consderation of serid correation - mean
reverson, for example - of stock returns. In the mode, investors in the market are characterized as
having alog-wedth utility. We have atempted to justify alog-wedth utility as representative of
investor preferences. Neverthdess, we have noted that athough a decreasing margind utility of
wedlth gppears reasonable, it is possble that investors are actualy less averse to down-side losses
than log-utility suggests. It isreasonable, therefore, to consider that investors are, on baance,
actudly less risk—averse than isimplied by log-wedlth utility. But in such case, the required risk
premium for rationd stock market investiment is likely to be even less than we have supposed. Thus
we re-confirm that our modd predicts amuch smdler than previoudy supposed market risk

premium.

A festure of the model isthat “risk crestes its own reward’, meaning that the potential growth rates
that derive from an invesment' s voldtility, are potentialy sufficient to compensate log-wedth utility
investors for bearing such volatility. With avolatility of outcome returns represented by a 15%
standard deviation, arisk premium of perhaps less than two percent over and above the rate on
Government bonds appears consgstent with amarket dictated by investors with alog-wedlth utility.
In terms of the modd, a market risk premium of seven percent —which is closer to the historicd
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average of US stock returns — gppears more congstent with a standard deviation of returns equal to
30%, which is more representative of the volatility of US markets through the depression years of
the 1930s.

The modd predicts that log-wedlth utility investors choose rationdly to go long in both the risky
market and riskless assets. That is, they choose to short neither the market nor the riskless asset.
Further, this outcome pertains even in the case that underlying mean exponentia growth rates are
reduced to zero. The implication isthat even with investment opportunities so reduced, risky
investment in the economy continues to endure. Findly, within the congraints of the model, a
rationd investor isindifferent to the investment time horizon when assessing the risk profile of an
investment portfolio.
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Footnotes

1 By exp(x) we mean “e to the power of X", where e is the exponentid number,
approximately equd to 2.7183. The vaue of exp(x) isequd to the limit of
[1+ x/N ]" asN agpproachesinfinity; that is, the limit as the growth rate x is applied
continuously as opposed to discretely over thetimeinterva. Thus, for example, when $1
is subject to an exponentia growth rate of, say, 10% over an intervd, the outcome at the
end of theintervd is exp(0.10) = $1.105, which is observed to be somewhat greater than
the outcome of smply increasing $1 by10% at the end of the interval (= $1.10).

2. Fama (1976) observes that an a priori expectation for such aprocessis reinforced by the
meathemeatics of sdection as captured by the Central Limit Theorem. Nevertheless, more
recent studies indicate that stock returns are more accurately described as exhibiting
leptokurtos's, meaning that vaues of the exponentia growth rate x both near to the mean
and highly divergent from the mean appear more likely than predicted by a norma
digtribution for x (Turner and Weigd, 1992; Jackwerth and Rubinstein, 1996).

3. $1 subject to exponentia growth rates x;, x,, over successve intervals has an outcome
equa to exp(X,).exp(xy). In Table 1, we use the relaionship:

exp(x.).exp(x) = exp(Xy + X).

4, This particular example has been congdered in thisjournd by Kritzman (1994) and by
Kritzman an Rich (1998). These authors, however, choose not to draw attention to the fact
that exp (0.28768) = 1.3333, and exp (-0.28768)) = 0.75. They therefore missthe point
that the example is actudly one of binomid exponentia growth (with m= 0, s = 0.28768).
The outcome is that both Olsen and Khaki (1998) and Van Eaton and Conover (1998)
interpret the numbers /5 and /,, as being merely opportunistic in Kritzman's (1994)
argument that alog-wedlth utility function implies non-increasing utility with extended
investment horizon (as we discuss below). Again, Bierman (1998) usesthe example of a
$100 investment with equaly likely outcomes $130 and $76.9 (to illustrate investor portfolio
dlocations), but does not draw attention to the example as one of binomia exponentia
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growth (with m= 0, s = 0.262364, so that exp (0.262364) = 1.3, and exp (-0.262364) =
0.769).

By the “expected” wedth outcome, we mean the sum of the possible wedlth
outcomes each multiplied by its probability of outcome. Thus the expected
wedlth outcome of $12 invested for asingle period is ¥, (12 x 1Y/3) +
Y, (12 x 3, = $12.50.

Thenaturd log, or ‘In’ function, isthe inverse of the ‘exp’ function. Thatis:
In[exp(y)] =y, fordly.
Thisis conggent with the definition of “the natura logarithm of x”, written In(x), which is
that number y such that exp(y) = x. Thatis, In(x) =y, and exp(y) = x are equivaent
gatements. Combining these statements, we have:
In[exp(y)] =y, asabove. Hence equation 1 follows from the preceding expression for r in

the text.

We have the generd relationships:.
exp(A+B) = exp(A).exp(B), and
In(A x B) =In(A) + In(B).
Hence
r = In{ Y/, [exp(mts) +exp(ms)] }
may also be expressed as.
r=m+ In{ Y, [exp(s) +exp(s)] }

Provided s is grester than 0, '/, [exp(s) + exp(-s)] is dways greater than 1; in which case,
In{ */>[exp(s) + exp(-s)] } isaways greater than zero. Thus we observe that provided m
isnot actualy negetive, and s is gregter than zero, the exponentia growth rate for expected

wedth, r, is greater than zero.

We haver astheIn[expected vaue of exp(x)], wherex is normaly distributed with mean m

and standard deviation s. We dso have the generd relationship between the logarithm of
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an expectation and the expectation of alogarithm where zis arandom variable:
In[expected vaue of zZ = expected vdueof [In z] + Y2varianceof [In Z]

On subdtituting z = exp(x) in the above, the left-hand side is r, while the firgt term on the

right-hand Sdeis m and thefind teem is¥%2s?. Hence equation 2.

The log-wedth utility function can be traced back to Daniel Bernoulli (whose work
anticipates the work of Von Neumann and Morgenstern) and his * St Petersburg Paradox’
published in 1738. The paradox involves acoin tossng game. The game ends when the
player tossesa‘head’. At this point, the player is awarded $2" where N is the number of
tosses required to achieve a‘head’. The probability of achieving $2" for any N is 1/2".

The probability-weighted vaue of any possible outcome is therefore $1. Thusthe
probability-weighted sum of al possble outcomesis$1 + $1 + $1 +. .. = $infinite. Hence
the theoretical value of being alowed to play the game should be infinite. As Bernoulli
recognises, however, no player in practice can be expected to offer more than a modest
sum for the privilege of being alowed to play the game. He introduced the concept of utility
of wedlth to explain the paradox. Application of alog-wedlth utility allows the gameto be
vaued at $4.

If we assume that investors have an dternative log-wedth (W) utility function - to base 10,
for example, expressed logio(W) - outcomes are not materidly affected. Thisfollows
because the natura log of W - expressed above as In (W) —isrelated to logio(W) by :
In(W) = logio(W) / l0gho(€)
for dl W. Thustaking utility aslog-wedth to base 10 has the effect of gpplying afixed
scaling factor logio(€) to dl utilities: Sinceit is the differences between utilities that concern
us, rather than their absolute value, afixed scaing factor gpplied to al calculated utilities has

no materia effect on our conclusions (see footnote 11).

The designation “per cent” for utility x 100 is arbitrary. The effect of
employing the designation here, is that the per-period utility from investing an
amount $W in arisklessinvestment with per-period exponentia growth rate, ry, is normdized
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asr; per cent. [ Toseethis observethat if we have an initid investment of $W subject to
exponential growth rate, r¢, the outcome at the end of the period is $Wexp(r;). Theganin
log-wesdlth utility istherefore

In [Wexp(r)] —In (W) =In (W) + In[exp(ry)] =In (W) = r. ] The outcomeisthat
dternative utilities are more directly comparable with the utility derived from the riskless
asset.

The compounded exponentia growth rate, Nm and standard deviation about such rate, ON
s, over N periods are asin panels 2 and 3 of Table 1. The expected return, Nr,
compounded over N periodsis then determined from equation 2 with Nmsubgtituted for m
and ON's substituted for s:

Nm+ % [ONs]® =N [m+ % s?] = Nr

We could, dternatively, have multiplied the standard deviations (s ) on the x-axis by ON, and
multiply the expected returns (r) on the y-axis by N.
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Appendix A

The binomial framework as a substitution for normally distributed returns

If abinomia process over asingle interva with equdly likely exponentia growth rates mts, ms (as
Table 1), isextended over N intervas, the outcome exponentid growth rates over such extended
period approach anormal distribution with mean Nmand standard deviation ON's (asindicated in
panels2 and 3, Table 1). To seethis, condder, as an example, that the mean exponentia growth
rate taken over two periodsis determined as the probability-weighted average of the possible rates
(seepand 1, Table 1):

Y, 2m+ 2s) + Y, (2m) + Y, (2m- 2s)

=2m

The standard deviation is then determined as the square-root of the probability-weighted average of
the squares of the differences between each possble exponentia growth rate and the mean rate (2m

):

AYa[@m+25) - 2n2 + Y%o[(2m) - 2n2 + Ya[(2m- 25) - 23
=(ps.

Similarly, in the case of normally digtributed rates over each interva (with mean mand standard
deviaion s ), the mean and standard deviation over N intervals are Nmand CN's, respectively (for
example, Fabozzi and Modigliani, 1992). Thus, we observe that the binomia structure reproduces
the mean and sandard deviation structure assuming normdly distributed rates over each individud
interva. By dlocating a sufficient number of intervalsto the investment period under congideration,
the digtribution of binomialy generated exponentia growth ratesin Table 1 thereby convergesto
what we would generate with a norma distribution of rates per interva (see, for example, Cox and
Rubingtein, 1985, p. 190-200). For these reasons, we are judtified in substituting the binomial
framework of Table 1 for the assumed underlying growth process with normally distributed
exponential growth rates.



Appendix B
The binomial framework for a portfolio comprising

the risky market with a riskless asset

An investor who is long in both the market of risky assets as depicted in Table 1 and ‘riskless
assets such as Government securities, has equadly likely wedth outcomes at the end of the first
period (S, Sy) per dollar of investment, which may be represented as.
S. = wexp(mh+S m) + (1- w) exp(r)
and (A)
Se = wexp(my - S m) + (1- w) exp(ry)

where w is the proportion of the portfolio invested in the market of risky assets (with mean
exponential growth rate my,, and standard deviation about such rate, s 1) and (1-w) isthe

23

proportion invested in the riskless asset (with exponentia growth rate, ry). The above outcomes can

be expressed:
Sy =exp(mt+s 9

and: (B)
Sy = exp(nt-sq

for which, combining equations A and B, we have:

ne = Y {Inw exp(Mh+s m) + (1- w) exp(rs)]
+ Infw exp(Mh - S m) + (1- w) exp(r?)] } ©)
s¢ = Y {Infwexp(mn+ s m) + (1- W) exp(ry)]

- Infw exp(my - s m) + (1- w) exp(ry)] } (4)

Allowing that the investor’s portfolio is rebalanced at the end of each period to maintain the

proportion of the portfolio in risky assets as w, the above outcomes per dollar of investment (S, Sy)

are repeated over successve intervals. Further, sncem,, s m, I+ and w are assumed to be fixed
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acrosstime, nt; s ¢are o fixed acrosstime. The sgnificance of these observations is thet the
growth behavior of a portfolio of the market of risky assets and the riskless asset continuesto be

characterized across time by the binomia framework of Table 1 with m=ntands =s¢

Appendix C
Table 2 constructed algebraically (with equations 3 and 4)

The “100% risky” portfolio has been characterized above by:
m= 0 and
s = 0.28768
(Ieft-hand sde pand 1, Table 2). Substituting these values, respectively, for m,and s , in
equations 3 and 4, the “50% risky” portfolio (with w = 0.5 and r; = 0), is characterized by:
nt=0.01031, and
s¢= 0.14384
(right-hand side panel 1, Table 2). We are now in a position to re-construct algebraically the entries
of Table 2:

(i) the binomial structure of Table 2 (panel 2)
For example, the upper outcome of $16'5 at the end of the second step for portfolio “50% risky” is
derived as $12.exp[2(mt+ s §] = $12.exp[2(0.01031 + 0.14384)] = $16/5, as determined in the

text.

(i1) the expected return in Table 2 (panel 4)

The expected return, r, may be caculated generaly for portfolios “100% risky” and “50% risky”
with equation 1. Thusfor portfolio “100% risky”, r = In{*/;[exp(mts) + exp(ms )]}, which (with
m= 0, s =0.28768) determinesr = 4.08% (left-hand side, panel 4), as determined in the text. For
portfolio “50% risky”, r = In{/;[exp(né+s ¢ + exp(nés §]}, which (with nt= 0.01031, s ¢ =
0.14384) determinesr = 2.06% (right-hand side, pand 4), as determined in the text.
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(ii1) upward drift in Table 2 (panel 2)

In the case of portfolio “100% risky”, the median outcome at the end of two periods, is caculated
as. 12.exp(mts). exp(ms) = 12.exp(2n) = 12 (snce m= 0), asdetermined in thetext. That is, the
condition for such ‘centred’ growth is that the mean exponentia growth rate equals zero. Inthe
case of portfolio “50% risky”, the median outcome at the end of two periods is caculated as:
12.exp(nt+s §). exp(mts § = 12.exp(2nt) = $12.25 (since mt= 0.01031), as determined in the

text.

(@iv) utility in Table 2 (panel 5)

For portfolio “100% risky”, we have m= 0. With equation 5, the per-period utility (U) istherefore
equal to zero (left-hand sde pand 5, Table 2), as determined in the text. For portfolio “50% risky”,
we have mt= 0.01031. With equation 5, the per-period utility (U) istherefore equal to 0.01031, or
1.031%, as determined in the text.

Appendix D
Log-wealth utility identified as the mean of

the distribution of exponential growth rates

We have the Von Neumann and Morgenstern (1947) theorem that the utility U derived from an

investment’ s possible outcomesis determined as.

N
u = _Slp(xi)U(Xi) (A)

where p(X; ) is the probability of each possible wedlth outcome xj, and u(xj) is the corresponding
utility. Thus, for example, the natural log-wedth utility at the end of two periodsin pand 1 of Table

1, isdetermined as.
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s Iexp(2mt2s)] + Y, Ifexp(2m)] + 4 Iexp(2m 2s)]

= 2m

More generdly, we can observe that the natura log-wedlth utility offered by investment of $1inan
N-period investment horizon is Nm(panel 4, Table 1). Thuswe observe that the per-period natural
log-wedth utility (U) offered by such investment is determined as.

U =mean exponentid growth rate (1) )

Appendix E

Demonstration of the proposition:
when the mean exponential growth rate for risky assets (n) isequal to
therisklessrate (ry), portfolio utility is maximized with equal investmentsin risky and riskless
assets

We have the generd rulethat if y = In [f(X)], where f(X) is a continuous function of x, then:
dy = d f(x) / dx

dx f(x)

Using the rule to differentiate per-period utility U (equation 6):
U = Y Ifw exp(mts ) + (1- w) exp(r1)]

+ Infw exp(ms ) + (1- w) exp(r1)] } (6)
with respect to w, we have:
du 1 exp(mts) - exp(rs) exp(ms) - exp(rs)
- +
dw 2  wexp(mt+s) + (1- w) exp(rs) w exp(ms) + (1- w) exp(ry)

Thevaueof U ismaximized with respect to w at the point that dU dw equas zero. With m=ry,
the right-hand side of the above equation equals zero when w = Y4,
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TABLE 1. Exponential Growth Characteristics

Paned 1 Probability-weighted wealth outcomes after:
Sarting One Two Three
Wedlth interval intervas intervas

1/8. exp[3mt+3s]

V4. exp[2mt2s] &

[«bN

/2. exp[mts]
3/8. exp[3mts]

$1.00 a 2. exp[2n] &

3/8. exp[3ms]
2. expims] &
V4. exp[2m2s] &

1/8. exp[3m 3s]

Panel 2 Mean exponential rate of return:
m 2m 3m
Pand 3 Standard deviation of exponential rates of return:
S Qs (Bs
Pane 4 L og-wealth utility:

0 m 2m 3m




TABLE 22 Exponential Growth Characteristics

Portfolio 100% in risky investment, Portfolio 50% in prior risky
which has equal chance of increasing investment, 50% in theriskless
by '/ and decreasing by Y/, asset
Panel 1 Binomial Characteristics.
m=0; s =0.28768 mé¢=0.01031; s ¢=0.14384
Pandl 2 Wealth outcomes after:
Sarting Ore Two Sarting Ore Two
Wedth interval intervds  Wedth intervd  intervds
21 Y, 16 /5
164 144
$12 & 12 $12 a 12%,
94 10', &
6 3/4 9 3/16
Pand 3 Expected wealth, E(W\) at end of period:
$12 $12.50 $13.021 $12 $12.25 $12.505
Pand 4 r =In [E(W\) E(Wn-1)] per period (%):

4.08 % 2.06 %
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Pand 5

Changein log-wealth utility per period (%):

1.03%
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