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Abstract

We employ the Cox process with shot noise intensity to model the default
time. The survival probability is derived based on the Cox process with shot
noise intensity that has doubly stochastic property. As an interest rate process
for non-defaultable bond, i.e. a government bond, we use a generalised Cox-
Ingersoll-Ross (CIR) model (1985). As Lando (1998) has shown that we can
combine the effects of default and of discounting for interest rates, it is used
to obtain the default premium between non-defaultable bond and defaultable
bond (i.e. a corporate bond). Using an equivalent martingale probability mea-
sure obtained via the Esscher transform, risk-neutral default premium formula
is derived. The asymptotic distribution of the shot noise intensity is used not
to have its initial value. We also assume that the jump size of shot noise inten-
sity follows an exponential distribution to illustrate the calculation of default
premium. For simplicity, we ignore the recovery rate.

Keywords: The Cox process; shot noise process; survival probability; a gen-
eralised CIR model; piecewise deterministic Markov process; the Esscher trans-
form; default premium.

1. Introduction

Since Merton (1974), one of the credit risk modelling developed is based
on the intensity of a counting process. Jarrow and Turnbull (1995) proposed
to use the Poisson process and extended it further employing a discrete state
space Markov chain in credit rating with Lando (1997). Lando (1998) examined
it deeper introducing the Cox process where its intensity has finite state space.
Similar approach was used by Duffie and Singleton (1999), where they considered
the fractional reduction in market value that occurs at default with respect to
risk neutral probability measure.

In this paper we also employ the Cox process to model the default time
(Cox 1955; Grandell, 1976 and Brémaud 1981). Under a doubly stochastic
Poisson process, or the Cox process, the intensity function is assumed to be
stochastic. The doubly stochastic Poisson process provides flexibility by letting
the intensity not only depend on time but also allowing it to be a stochastic
process. Therefore the doubly stochastic Poisson process can be viewed as a two
step randomisation procedure. A process \; is used to generate another process



N; by acting as its intensity. That is, IV; is a Poisson process conditional on A,
which itself is a stochastic process (if A\; is deterministic then Ny is a Poisson
process). Many alternative definitions of a doubly stochastic Poisson process
can be given. We will offer the one used by Dassios and Jang (2003).

Definition 1.1 Let (2, F, P) be a probability space with information struc-
ture given by F = {Sy, t € [0,T)}. Let Ny be a point process adapted to F. Let
At be a non-negative process adapted to F such that

t
/)\Sds < 0o almost surely (no explosions).
0

If for all 0 <t; <ty and u e RN

to

E {ei“(Ntz_Ntl)ﬁi‘ } =expy (e —1) //\Sds (1.1)

2
ty

then N is call a S¢-doubly stochastic Poisson process with intensity \; where
I} =0 {\s; s <t}
Equation (1.1) gives us

k
to to
exp (f)wis) (f )\Sds>
t1 t1
Pr {Nt2 — Nt1 = ]{Z|>\s,t1 S S S tQ} = %l . (12)

and

PI‘{TQ > t‘)\s;tl <s< tQ}
ta

= Pr{Ny, — Ny, =0[As;t1 < s<t2} =exp —/)\Sds (1.3)
t1
where 7 denotes the length of the time interval between the (k — l)th and k'™
¢
point. Now consider the process A; = f Asds (the aggregated process), then
0

from (1.2) we can easily find that
B (%) = B {e(-0(hu-ta) ], (1.4)

Equation (1.4) suggests that the problem of finding the distribution of N, the
point process, is equivalent to the problem of finding the distribution of A;, the
aggregated process. It means that we just have to find the p.g.f. (probability
generating function) of Ny to retrieve the m.g.f. (moment generating function)
of A; and vice versa.



From the Cox process of N, the survival probability is given by

t
Pr(ry >t)=E{ exp —//\Sds (1.5)

0
where 71 = inf {t : Ny = 1| Ny = 0} is the default arrival time that is equivalent
to the first jump time of the Cox process Ny. If we assume that the interest rate

process for a zero-coupon government (risk-free) bond, r; follows a generalised
Cox-Ingersoll-Ross (CIR) model (1985), i.e.

dry = ¢(b— ary)dt + o+/ridB; (1.6)
where a > 0, b > 0 and ¢ > 0, its price paying 1 at time t is given by

t

Eexp | — /rsds | 7o (1.7)
0
where 37 = o {r; s <t} that is assumed to be independent of 3 = o {\,; s < t}.
For the explicit derivation of (1.7), we refer you CIR (1985). Assuming that
ry and A; are independent, the price of a zero-coupon corporate (defaultable)
bond paying 1(;,~4) at time ¢ is given by

t t

E < exp f/rsds Lizist) [ 70, Ao p =B [exp f/(rs+)\s)ds | 70, Ao

0 0
(1.8)

For simplicity, we ignore recovery rate. For fractional recovery, we refer you
Duffie and Singleton (1999). The comparison between the classical approach
proposed in Black and Scholes (1973) and Merton (1974) and the intensity-based
approach can be found in Cooper and Martin (1996). Other works relating to
credit risk we refer you Artzner and Delbaen (1995), Madan and Unal (1998),
Bielecki and Rutkowski (2000), and Elliot et al. (2000).

From (1.7) and (1.8), the price difference between non-defaultable bond and
defaultable bond is given by

t t

E < exp —/rsds |70 p —E < exp —/(Ts—i-/\s)ds | 70, Ao
0
= E (e_Rf | 7“0) —E (6_Rt€_At ‘ 7‘07/\())

= E(e ™ |r) {1-E(e™|X)} (1.9)

¢
where R; = f rsds. Let us define the default premium of zero-coupon corporate

bond as



1—E (e | )

and consider the risk neutrality in the market, i.e.

1—E* (e ™ | \) (1.10)

where E* denotes the expectation with respect to an equivalent martingale
probability measure P* and it is assumed that 7, and A; are also independent
under P*. For details on the equivalent martingale probability measure, we
refer you Harrison and Kreps (1979) and Harrison and Pliska (1981). The
Esscher transform is employed in order to change the probability measure as it
provides us with at least one equivalent martingale probability measure when
in our incomplete market. We here offer the definition of the Esscher transform
that is adopted from Gerber and Shiu (1996).

Definition 1.2 Let X (t) be a stochastic process such that e X®) o martin-
gale with h* € R. For a measurable function f, the expectation of the random
variable f(X (t)) with respect to the equivalent martingale probability measure
is

eh X (1)

E[f(X ()" X®
J&) g (el X(®) [ ]

E [eh*X(t)]

E*[f(X @) =E (1.11)

where E (e"X®) < cc.

The paper is structured as follows. In section 2, we introduce the shot noise
process as an intensity of the Cox process. We derive the Laplace transform
of shot noise process, A; and aggregate process, A; by piecewise deterministic
Markov processes (PDMP) theory. All proofs are referred to Dassios and Jang
(2003) where they used the Cox process with shot noise intensity for the pricing
of reinsurance contract. Section 3 deals with risk neutrality. We examine how
the dynamics of process A\; and A; change after changing probability measure
obtained via the Esscher transform. In section 4, we illustrate the calculation
of the default premiums using the asymptotic distribution of shot noise process
and exponential jump size distribution. Section 5 concludes.

2. Shot noise process and aggregated process

In practice, there are primary events such as the governments’ fiscal and
monetary policies, the release of corporate financial reports, the political and
social decisions, the romours of mergers and acquisitions among firms and Sep-
tember 11 WTC catastrophe etc. that affect the value of the firm’s risky debt
and may lead to the default as the worst case. In other words, the arrival of
the default depends on the frequency and magnitude of these primary events
and time period needed to go back to the previous (or better) level of intensity
immediately after primary events occur. One of the processes that can be used
to measure the impact of primary events is the shot noise process (Cox & Isham



1980, 1986; Kliippelberg and Mikosch 1995 and Dassios and Jang 2003). As
time passes, the shot noise process decreases as all firms in the market do their
best to avoid being in bankruptcy after the arrival of one of primary events.
This decrease continues until another event occurs which will result in a pos-
itive jump in the shot noise process. Therefore the shot noise process can be
used as the parameter of the doubly stochastic Poisson process to measure the
time to default due to primary event, i.e. we will use it as an intensity function

to generate the Cox process. We will adopt the shot noise process used by Cox
& Isham (1980):

Ao = Aoe % + Z yie_‘s(t_si)

all ¢
s; <t

o initial value of A
y;  jump size of primary event i, where F (y;) < 0o
s;  time at which primary event ¢ occurs, where s; <t < oo
6  exponential decay
the rate of primary event arrival.

Some works of insurance application using shot noise process can be found
in Kluppelberg and Mikosch (1995), Dassios and Jang (2003) and Jang (2003).

The piecewise deterministic Markov processes (PDMP) theory developed
by Davis (1984) is a powerful mathematical tool for examining non-diffusion
models. From now on, we present definitions and important properties of the
Cox, shot noise and aggregated processes with the aid of piecewise deterministic
processes theory (Dassios 1987; Dassios and Embrechts 1989 and Dassios and
Jang 2003 ). This theory is used to derive the Laplace transform of shot noise
process, A; and aggregate process, A;. Before doing this let us remind the
definition of PDMP.

Definition 2.1 PDMP is a Markov process X; with two components (n;,£&,)
where n, takes values in a discrete set K € N and given n, =n € K, £, takes
values in an open set M, C R¥™ for some function d : K — N. The
state space of Xy is equal to E = {(n,z) :n €K, ze€ M,}. We further assume
that for every point © = (n,z) € E, there is a unique, deterministic integral
curve ¢, (t,z) C M,, determined by a differential operator x, on R“™ such
that z € ¢, (t,z). If for some to € R*, X3, = (no,20) € E, then &,, where
t > to follows ¢,, (t,20) until either t = Ty, some random time with hazard
rate of function p or until £, = OM,,, the boundary of M,,. In both cases, the
process X; jumps, according to a Markov transition measure @Q on E, to a point
(n1,21) € E. & again follows the deterministic path ¢, till a random time Ty
(independent of Ty) or till £, = OM,,, etc.... The jump times T; are assumed
to satisfy the following condition:

Vi>0, E (Z 1Ti<t> < 00.



The stochastic calculus that will enable us to analyse various models Tests on
the notion of (extended) generator A of X;. Let T' denotes the set of boundary
points of E, T ={(n,z):n €K,z € OM,}, and let A be an operator acting on
measurable functions f: EUT — R satisfying

(i) The function t — f (n, ¢, (t, 2)) is absolutely continuous for t € [0,¢(n, 2)],
for all (n,z) € E.

(ii) For all x € T, f(z) = [ f(y)Q(x;dy) (Boundary condition).

E

(i) For all t >0, EQ > |f(Xg,) — f(X1,_)| p < 0.
T; <t
Hence the set of measurable functions satisfying (i), (ii) and (iii) form a
subset of the domain of the extended generator A, denoted by D(A). Now
for piecewise deterministic Markov processes, we can explicitly calculate A by
(Dawvis (1984), Theorem 5.5)

VfeD(A): Af(x) = xf(x) + p(x) / {F(y) = f(2)}Q(x; dy). (2.1)
E

In some cases, it is important to have time t as an explicit component of the
PDMP. In those cases A can be decomposed as % + Ay, where Ay is given by
(2.1) with possibly time-dependent coefficients.

An application of Dynkin’s formula provides us with the following important
result (Martingales will always be with respect to the natural filtration o{X; :
s < t}):

(a) If for all t, f(-,t) belongs to the domain of Ay and %f(l’,t)+Atf(£E,t) =
0, then process f(X,t) is a martingale.

(b) If f belongs to the domain of A and Af(x) = 0, then f(X;) is a
martingale.

The generator of the process Xi acting on a function f(X:) belonging to its
domain as described above is also given by

Xign) | X =} — f(Xe)

B
Af(X) = lim z - (2.2)

In other words, Af(X:) is the expected increment of the process X; between
t and t + h, given the history of X at time t. From this interpretation the
following inversion formula is plausible, i.e.

h
B [f(Xesn) | Xo = 2] — F(X0) = / E{Af(X,)} ds (2.3)

which is Dynkin’s formula.

The three parameters of the shot noise process described are homogeneous
in time. We are now going to generalise the shot noise process by allowing the
parameters to depend on time. The rate of jump arrivals, p (¢), is bounded on
all intervals [0, t) (no explosions). 6 (t) is the rate of decay and the distribution
function of jump sizes at any time ¢ is G (y;t) (y > 0) with E (y;t) = py (t) =



J ydG (y;t). We assume that § (t), p(¢) and G (y;t) are all Riemann integrable
0

functions of ¢ and are all positive. The generator of the process (A, Ni, s, t)
acting on a function f (A,n, A, t) belonging to its domain is given by

AF(Am\t) = 8{ 8?;+)\[f(A,n+1,/\,t)—f(A,n,/\,t)] 5 (1) gi
/f(A,n)\—&-y,t)dG(y;t)—f(A7n,)\7t) 24

For f (A,n, A, t) to belong to the domain of the generator A, it is sufficient that
f(A,n, A\ t) is differentiable w.r.t. A, A, ¢ for all A, n, A, ¢ and that

/f(~7>\+y,-)dG(y;t)—f(~7)\,-) < .

Let us find a suitable martingale in order to derive the Laplace transforms

of the distribution of A;.
Lemma 2.2 Considering constants k and v such that k > 0 and v > 0,

t

exp (—vAy) -exp | — { ke®® —UeA(t)/e_A(T)dr At

0
t s
X exp /p(s) 1—§{ ke —veA(t)/e_A(r)dr;s ds (2.5)
0 0
t
is a martingale where § (u; s) f e " YdG (y; s) and A (t) = [6(s)
0

Proof. See Dassios and Jang (2003). |
Let us assume that 6 (¢) = ¢ throughout the rest of this paper.
Corollary 2.3 Let v1 > 0 and v > 0. Then

B {6—1)1(At2_/\t1 )ef’UQAtz |At1 Ay }

= exp [—{%-ﬁ-( 2—1;) e~ 0t tl)}/\tl}

2]

X exp —/p(s) [1 — g{% + (vg — %1) 675(:&275);8}} ds| . (2.6)

ty

Proof. See Dassios and Jang (2003). m
Now we can easily obtain the Laplace transforms of the distribution of A,
Ay



Corollary 2.4 The Laplace transforms of the distribution of A+ and A; are
given by

E{e 2|\, } = exp {—veié(trh)/\tl} (2.7)
X exp | — ]Zp(s) [1 - g {veié(tfs); SH ds| ,
t1
E{em (et | (2.8)
= exp {—% {1 — 676(’5241)} /\tl]
to

X exp —/p(s) [1 -g {% (1 - e_é(trs)) ;SH ds

ty

Proof. See Dassios and Jang (2003). m

Let us obtain the asymptotic distributions of A; at time ¢ from (2.8), provided
that the process started sufficiently far in the past. In this context we interpret
it as the limit when t — —oo. In other words, if we know A at — oo’ and no
information between ~— 0o to present time ¢, — oo  asymptotic distribution of
At can be used as the distribution of ;.

Lemma 2.5 Assume that t_l}r_noop (t) = p and tlér_nooul (t) = py. Then the

s

— 00 asymptotic distribution of A\ has Laplace transform

t1

E (efmfl) =exp |— / p(s) [1 -4 {Uef‘s(tl*s); SH ds| . (2.9)

— 00

Proof. See Dassios and Jang (2003). m

It will be interesting to find the Laplace transforms of the distribution of A,
and A; at time ¢, using a specific jump size distribution of G (y;t) (y > 0). We
use an exponential jump size distribution, i.e. g (y;t) = (a + ve®) e*(a+766t)y,
y >0, —ae™® < v < 0. Let us assume that p(t) = parozr- The reason
for this particular assumption will become apparent later when we change the
probability measure.

Theorem 2.6 Let the jump size distribution be exponential, i.e. g(y;t) =
(o +ye) exp {— (a+ 7€)y}, y > 0, ae™® < v <0, and assume that p (t)
. Then

a
pa-&-'ye“

yelto 4 qe=0(ti—to)\ ¢
velto +a )

E{e ™1\ } = exp {—v/\toe’é(tl’t(’)} : (

,.Yeéto + Ue_é(tl_to) + a %
<’}/€6t0 + (U + a) e—é(tl—t0)> ’

(2.10)



E {eﬂ’(At2 7Af1)|)\t1} = exp [—% {1 - 6_6(t2_t1)} )\tli|

,ye(stl + ae*(s(tzftl) %
X
( Vet +a )

vett f o+ 2 (1 — e dtamt)) Tatw
x : (2.11)
P T ae 8t :

If \;is — oo asymptotic,

—6t 5
—vAt _ Y + ae !
Bemn) = (’y+(v+a) e5t1> ’ (2:12)

£
&

E'{ —v(Ar *Ah)} = 76&1 4 e 0(t2—t1)
) o\ et a4 2 (1 - e dmt)

'ye‘%l +a+2 (1 _ e—é(tg—tl)) Fatw
X 2 (2.13)
et T a0t :

Proof. See Dassios and Jang (2003). m

3. No-arbitrage, the Esscher transform and change of probability
measure

In general, the Esscher transform is defined as a change of probability mea-
sure for certain stochastic processes. An Esscher transform of such a process
induces an equivalent probability measure on the process. The parameters in-
volved for the Esscher transform are determined so that the process is a martin-
gale under the new probability measure. We will examine an equivalent martin-
gale probability measure obtained via the Esscher transform (Gerber and Shiu
1996 and Dassios and Jang 2003).

If the market is complete, the fair price/premium of a contingent claim is
the expectation with respect to exactly one equivalent martingale probability
measure (i.e. by assuming that there is an absence of arbitrage opportunities in
the market). For example, when the underlying stochastic process follows geo-
metric Brownian motion or homogeneous Poisson process, we can obtain the fair
price/premium with respect to a unique equivalent martingale probability mea-
sure. However, as the underlying stochastic process for the counting process is
the Cox process with shot noise intensity, we will have infinitely many equivalent
martingale probability measures. In other words, we will have several choices
of equivalent martingale probability measures to decide default premium as the
market is incomplete. It is not the purpose of this paper to decide which is the
appropriate one to use. The credit rating agency, bank and trader’s attitude to-
wards risk determines which equivalent martingale probability measure should



be used. The attractive thing about the Esscher transform is that it provides
us with at least one equivalent martingale probability measure in incomplete
market situations.

Let M; be the total number of primary events up to time t. We will assume
that default and primary events do not occur at the same time. The generator
of the process (A, N, At, My, t) acting on a function f(A,n, A\, m,t) belonging
to its domain is given by

A f(Aana )‘amvt)
_ 9f \of _
of r
_6)‘5—’_10 f(Avna)‘+yam+1vt)dG(y)_f(Aana)‘amvt)
0

(3.1)
Clearly, for f (A,n,A,m,t) to belong to the domain of the generator A, it is

essential that f (A, n, A,m,t) is differentiable w.r.t. A, A, ¢ for all A, n, A\, m, t
and that

/f(.,/\er,.)dG(y)ff(.,A,.) < 0.
0

Lemma 3.1 Considering constants 0", ¢™ and v* such that 0 > 1, y* > 1
and v* <0,

t
0Nt exp {— (0" — 1) Ay} ™M exp (—’y*/\teét) exp p/ {1-v7g (’y*e‘ss)} ds
0

(3.2)
18 a martingale.
Proof. From (3.1), f (A,n, A, m, t) has to satisfy Af = 0 for f(As, Ny, A, My, t)
to be a martingale. Trying 0*"e® Ap*™ exp (—7*)\6‘”) eA®) we get the equation

A () + X" + A 0" =1} +p{v g (v7e®) -1} =0 (3.3)

and solving (3.3) we get

" =—{0"—1} and A(t) = p/ {1-v7g (")/*655)}d8
0

and the result follows. m

Let us examine how the generator A* of the process (A¢, Ny, Ay, My, t) acting
on a function f(A,n,\,m,t) with respect to the equivalent martingale proba-
bility measure can be obtained.

10



Lemma 3.2 Let v* be a nonnegative constant. Assuming that f(A,n, A\, m,t) =
f(\t) for all A, n, m and that e~V %X is a martingale with X; an adapted
process. The generator A* of the process (M, t) acting on a function f (A t)
with respect to the equivalent martingale measure is given by

_A{TOY e

e—U*XO

A" f(A0) (3.4)

Proof. The generator of the process (A, t) acting on a function f (A, t) with
respect to the equivalent martingale probability measure is

E* [f Mewar, t+dt) [N = A — f (A1)

A* f(\E) = ¢liltrlr[1) p . (3.5)
We will use E(e;—:j;;) as the Radon-Nikodym derivative to define equivalent

martingale probability measure. Hence, the expected value of f (Aiyqae,t + dt)
given A\; = \ with respect to the equivalent martingale probability measure is

E[f Mgar, t +dt) eV Xerar | ), = )]

E*[f (Agar t +dt) [Ae = A = Fle v Xy = ) (3.6)
Since e~V X¢ in (3.6) is a martingale, it becomes
E*[f (Mgar, t +dt) [Ae = A] (3.7)
L tdt i
fOuty e+ [ E[Af(X,s)e v XA = 7] ds
_ b
- e—v*Xo
Set (3.7) in (3.5) then
t4dt .
. 1 . E[A f(Xs,s)e X[ X = A ds
A f (/\,t) = e_v—**XOgtIlI}) / dt . (38)

t

Therefore, from Dynkin’s formula (3.4) follows immediately. m

Now let us look at how the dynamics of process A\; and A; change after
changing probability measure by obtaining the generator A* of the process
(A¢, Ny Ay, My, t) acting on a function f (A, n, A, m,t) with respect to the equiv-
alent martingale probability measure. This is the key result that we require
to establish an arbitrage-free default premium under our equivalent martingale
measure. As Dassios and Jang (2003) have shown the change of dynamics of
process \; and A; with respect to the equivalent martingale probability measure,
we offer the theorem adopted from their studies (see theorem 3.5 in section 3).

Theorem 3.3 Consider constants 0*,¢* and v* such that 0* > 1, ¢* > 1

11



and v* < 0. Suppose that § (v*e‘%) < 00. Then
A* f(A,n, A, m,t)

_ 9f \OF 4 _
of )7 .
0

(3.9)

% A * * xp(—v*e’ty)dG
where p* (t) = p*§ (v*e) and dG* (y;t) = ooy y)dG) ;/(,Y*eiiyt)) )
Proof. See Dassios and Jang (2003). m

Theorem 3.5 yields the following:
(i) The intensity function A; has changed to 6" \;
(ii) The rate of jump arrival p has changed to p* (t) = p1p*g (v*e%)

(it now depends on time);

exp(—~*e’
(iii) The jump size measure dG (y) has changed to dG* (y; t) = W

(it now depends on time).

In other words, the risk-neutral Esscher measure is the measure with respect
to which N; becomes the Cox process with parameter 6*)\; where three para-
meters of the shot noise process A; are &, p* (t) = py*g (v*e), dG* (y;t) =
exp(—v"e’'y)dG(y)

g(y*edt) ’
In practice, the credit rating agency such as Moody’s and Standard and

Poor’s, banks and traders need to calculate the default premium using 6* > 1,
¥* > 1 and v* < 0. This results in the agencies, banks and traders assuming
that there will be a higher value of intensity itself, more primary events occurring
in a given period of time and a higher value of jump size of intensity. These
assumptions are necessary, as the agencies, banks and traders have to consider
the risks involved in incomplete market. If 0* = 1, ¥* = 1, and v* = 0
then net default premium is calculated without considering any risks involved
in incomplete market. However, as expected, we have quite a flexible family of
equivalent probability measures by the combination of 8%, ¢ and v*. It means
that the agencies, banks and traders have various ways of obtaining the non-
arbitrage default premium (i.e. by changing equivalent martingale probability
measures using the combination of %, ¥* and v*).

Let us derive the Laplace transform of the — oo asymptotic distribution of
A; with respect to the equivalent martingale probability measure, i.e. E* (e‘At).
We will assume that the jump size distribution is exponential, i.e. g (y) = ae™ Y,
y >0, o > 0 and that \; is — co asymptotic. Therefore we can obtain that
9" (y;t) = (a+ v e)exp{— (a+7*e")y}, y >0, — ae™ < y* <0 and

bt
t < %ln (*%) since dG* (y;1) = W.

12



Corollary 3.4 Let the jump size distribution be exponential. Consider
constants v, 0*, ¥* and v* such that v > 0, 0" > 1, v" > 1 and v* < 0.
Furthermore if A\ is — oo asymptotic, then

Lp

E* {B_U(Atz _Atl)} . ( ,Y*eéh + aeié(tQ*tl) > 5

,.Y*eéh + o _|_ 0;51’ (1 _ e—é(t2—t1))

*65751 +a+ 0*v (1 o 676(t27t1)) «5.:’4;9'%
i 5 (3.10)
,y*eétl + ae*é(t2*t1) !

where 0 < t1 <ty < t.
Proof. From Theorem 3.3, (1.4) and (2.13), the result follows immediately.
|

4. Measuring default premium using the Cox process with shot
noise intensity

Up to now it is assumed that the frequency and magnitude of primary events
and time period needed to go back to the previous (or better) level of intensity
immediately after primary events occur are the same among all firms. However
some of these primary events might not affect at all to a specific firm e.g. ‘AAA’
rating firm. Also even if primary events affect firms’ default intensities, their
magnitude should be different to each firms. Time period needed to go back to
the previous (or better) level of intensity also need to be discriminated among
firms. Therefore an arbirage-free default premium of zero-coupon corporate
bond issued by the firm i is given by

1-E* (e*"i‘)
PTp”

A +ai676"'t 6
= 1- * 7 o* 1 —&it
¥+ ot + s ( — € )

- L e
7*+al+%(1—e“) ok

,y* + aief(sit

X

(4.1)

Let us now illustrate the calculation of an arbitrage-free default premium of
zero-coupon corporate bond issued by firm i using (4.1).

Example 4.1

The parameter values used to calculate (4.1) are

0* =1.1, v* =1.1, v* = —0.01, o' =10, 6'=0.5, p' =4 and ¢t = 1.

Then an arbitrage-free default premium is as follows:
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1-E* (e—Af) = 1-0.396 = 0.604.
Using 6* = 1, ¥* = 1 and v* = 0, the net default premium is given by

1-& (e*Ai) — 1 — 0.46409 = 0.53591

and the difference between arbitrage-free default premium and net default pre-
mium is given by

E (e*Ai) — B (e*Ai> — 0.46409 — 0.396 = 0.06809

Example 4.2

We will now examine the effect on arbitrage-free default premium caused by
changes in the value of o, 8" and p’. The calculation of arbitrage-free default
premiums are shown in Table 4.1 assuming other parameter values are the same
as in Example 4.1.

Table 4.1.
Default premium
a'=0.1 1
o' =20 0.37705
6 =0.1 0.98999
=5 0.09349
pt=0 0
pl=8 0.84318

Example 4.3

We will now examine the effect on arbitrage-free default premium caused by
changes in the value of 8", ) and v*. The calculation of default premiums are
shown in Table 4.2, Table 4.3 and Table 4.4 assuming other parameter values
are the same as in Example 4.1.

Table 4.2. Table 4.3. Table 4.4.

« | P =11 L | F=11 . =11
0 y* = —0.01 Yl = o0t v v =1.1
1.0 | 0.57066 1.0 | 0.56921 0.00 | 0.60354
1.1 ] 0.604 1.1 0.604 —0.01 | 0.604
1.2 | 0.63453 1.2 ] 0.63598 —0.02 | 0.60446
1.3 0.66249 1.3 0.66538 —0.03 | 0.60492
1.4 | 0.68812 1.4 | 0.69241 —0.04 | 0.60538
1.5 | 0.71163 1.5 | 0.71725 —0.05 | 0.60584
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5. Conclusion

Using the intensity-based framework, i.e. employing the Cox process with
shot noise intensity, we obtained the default premium of zero-coupon corporate
bond assuming that risk-free spot interest rate, r; and the intensity process, A
are independent under the original measure and risk neutral measure. In order
to achieve the market neutrality, we examined how the dynamics of the shot
noise process A; and the aggregate process Ay change after changing probability
measure obtained via the Esscher transform. We witnessed that there are
various ways to quantify the risk involved as the market is incomplete. By
discriminating of three parameters of the shot noise intensity, i.e. the frequency
and magnitude of primary events and time period needed to go back to the
previous (or better) level of intensity immediately after primary events occur
for each firm, we illustrated the calculatiuon of arbitrage-free default premiums
of zero-coupon corporate bond issued by the firm 3.
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