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Abstract. We consider the classical Compound Poisson model of insurance
risk, with the additional economic assumption of a positive interest rate. Stop-
loss reinsurance premiums are priced by enforcing a no-arbitrage condition
between the insurance and reinsurance markets. We note a duality result
relating the accumulated claims and the shot noise process, and the Esscher
transform is used to de..ne a pricing measure. We also illustrate how premiums
can be evaluated using Transform Analysis techniques from the ..nancial option

pricing literature.
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1. Introduction

Let Y (i), i=1,2,---, be the claim amounts, which are assumed to be inde-
pendent and identically distributed with distribution function G (y) (y > 0). In
classical risk theory one assumes (often implicitly) that interest rates equal zero,
and consider the loss process C (t) , de..ned to be

N(t)

C(t):ZY(z‘)

with N (¢) being the number of claims up to time ¢. Delbaen and Haezendonck
(1987) extended the classical risk theory to consider the exect of the introduction
of interest rate factors, leading to an explosion of literature in this subject in recent
years, see for example Paulsen (1998) for a survey. Most of these papers how-
ever deal with the ecect of interest rates on the probability of ruin rather than
premium setting. More recently authors such as Léveillé and Garrido (2001), and
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Jang (2003) considered the exect of interest on the moments of the accumulated
claims process. These aforementioned papers generally consider premium setting
by considering classical premium principles. In contrast we will consider premium
setting by enforcing the economic concept of no-arbitrage.

More speci..cally, if we let § to be the risk free rate of interest, the accumulated

value of aggregate claims up to time ¢, L (¢) is given by

N(t)

(1.1) L(t)=> Y (i)ed =)
i=1

with s (i) being the time of claim (). In this environment, we de..ne the stop loss
reinsurance contract with retention b to be a contract that pays an amount equal
to (L(T)— b)Jr at time T'. By imposing the principal of no-arbitrage between the
insurance and reinsurance markets (Sonderman 1991) we know that the stop-loss
reinsurance premium (for time T°) including the excect of the rate of interest is given

by
1.2) E* e T (L(T)-b)"

where the expectation is calculated under an appropriate probability measure P*
equivalent to the physical measure P.

We assume that the claim arrival process N (¢) follows a Poisson process with
claim frequency rate p. It isalso assumed that is independent of Y (¢),i = 1,2,---.
In order to evaluate the expectation (1.2), we will need to obtain the distribution
of the accumulated (or discounted) aggregate claims, L (T'). Unfortunately, it is
known that it is not possible for us to obtain the distribution of the accumulated
aggregate claims explicitly. Hence in this paper we will extend a duality result be-
tween the accumulated aggregate claims process and the shot noise process to derive
a general form for the Laplace transform of the distribution of the accumulated ag-
gregate claims under an Esscher measure. As in illustration we also calculate the
explicit Laplace transform in the case when the claim size is gamma or exponen-
tial. Transform analysis techniques from ..nancial option pricing theory (Duc¢e et

al 2001) is then used to derive the stop loss reinsurance premium numerically.
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This paper is structured as follows. In Section 2 we setup our reinsurance market
and discuss the condition of no-arbitrage. Section 3 illustrates the duality result
between the accumulated aggregate claims and the shot noise process. Section 4
considers the ecect of a change of probability measure, while Section 5 contains
premium calculations via Laplace transforms and Transform Analysis from the

..nancial option pricing literature.

2. Reinsurance market and no-arbitrage

Assume that there exist a liquid reinsurance market, i.e. at any timet < T,
the insurer can decide to sell any part of the risk of L (u), t < w < T, based
on the information available at time ¢ de..ned on (Q, F, P), which is a probability
space with information structure given by {F =S, t € [0,T]}. Let PR (u) denote
the total value of premiums received and accumulated at the rate of 6 up to time
u de..ned on (9, F, P) and de..ne the reinsurance strategy that is adopted from

Embrechts & Meister (1995).

De..nition 1. Let s € [0,7], a reinsurance strategy {¢ (u); t <u <T} is a pre-

dictable stochastic process on (Q,F, P) with 0 < ¢ (u) <1 for all uw € [¢,T].

Let us de..ne the speci..ed process R(t), 0 < ¢ < T, given by

2.1) R(t)=PR(t)—L(t) (0<t<T)

denoting the net surplus from insurance business up to time ¢. If the insurer choose
at time ¢ some reinsurance strategy {¢,; t <u <T} € H (t) where H (t) denotes
the set of all reinsurance strategies starting at time ¢, then the company’s ..nal gain

at time T is given by

Gr(9) = / 6 (u) dR (u)

where it is assumed that the reinsurer receives direct insurer’s premiums for his

engagement. Following Sonderman (1991) we can de..ne an arbitrage as follows:
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De..nition 2. (Arbitrage) A strategy {¢ (u); t <u < T} allowing for a possible
pro..t without the possibility of a loss is called an arbitrage strategy, i.e. a strategy

{¢(u); t <u< T} satisfying
Gr(¢) > 0,P—a.s.

Ep[Gr(¢)] > 0

is called an arbitrage strategy.

Therefore, for the reinsurance market (2, F, P) , R, does not allow for arbitrage

strategies if there is an equivalent probability measure P* such that the process R,

is a martingale.

De..nition 3. (Equivalent Martingale Measure) A probability measure P* is called

an equivalent martingale probability measure if:
e P*(A)=0 ima P(A)=0, forany Ae S;
e The Radon-Nikodym derivative ‘% belongs to L? (€2, 3¢, P);

e ¢ %R (t) is a martingale under P*, i.e.
E*[e R (t)|3s] = e " R(s),

P*—a.s. forany 0 < s < t < T, where E* denotes the expectation with

respect to P*.

The Esscher transform is employed in order to change the probability measure
as it provides us with at least one equivalent martingale probability measure when
in our incomplete market. We here omer the de..nition of the Esscher transform

that is adopted from Gerber and Shiu (1996).

De..nition 4. (Esscher Transform) Let X (¢) be a stochastic process such that
eh”X() a martingale with »* € ®. For a measurable function f, the expectation of
the random variable f(X (¢)) with respect to the equivalent martingale probability
measure is

h* X (t)

eh X (1))

E[f (X (t) " *)]
B [eh"X0)]

@2)  E[f(xX@)=E [f(Xt) o

where E (eh*X(t)) < 0.
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If a geometric Brownian motion or a homogeneous Poisson process governs the
market, we obtain the Laplace transform of the distribution of the accumulated
aggregate claims with respect to a unique equivalent martingale probability mea-
sure. However in a Compound Poisson model (even with zero interest rates) there
will exist an in..nite number of equivalent martingale measures in general as the
market is incomplete. It is not the purpose of this paper to decide which is the
appropriate one to use. The insurance companies’ attitude towards risk determines
which equivalent martingale probability measure should be used. The attractive
thing about the Esscher transform is that it provides us with at least one equivalent

martingale probability measure in incomplete market situations.

3. Duality of the Accumulated Claims Processes and Shot Noise

The shot noise process can be used in many diverse ..elds. In particular, it
attracts us as it can be applied in ..nancial and insurance ..eld. The shot noise
process is particularly useful as it measures the frequency, magnitude and time
period needed to determine the ezect of primary events. As time passes, the shot
noise process decreases until another event occurs which will result in a positive
jump in the shot noise process. We will adopt the shot noise process used by Cox

& Isham (1980):

3.1) A(t) = Nge "t + Z y (1) e —r(t=s(i))
s?’!)l Sit
where:
Ao initial value of \

y (7) jump size of primary event i, where E (y;) < o
s (i) time atwhich primary event i occurs, where s; < t < 0o
K exponential decay

0 the rate of primary event arrival.

Some works of insurance application using shot noise process can be found in

KllUppelberg & Mikosch (1995), Dassios and Jang (2003), and Jang (2003).
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Let us examine how the shot noise process is related to the accumulated aggregate

claims process (1.2). If we set —6 to « in (3.1), it becomes

(3.2) E(t)=Eoe + Y yelltme),

all ¢
s(2)<t

Interestingly, we can see that it is equivalent to (1.2) if we substitute ‘¢’ with ‘L’
in (4.1) with £, = 0.

The piecewise deterministic Markov processes (PDMP) theory developed by
Davis (1984) is a powerful mathematical tool for examining non-dicsusion models.
The shot noise process is an example of a PDMP. Therefore we can present de...ni-
tions and important properties of the shot noise process with the aid of this theory
(Dassios and Embrechts 1989). We will use it to derive the Laplace transform of
the distribution of the shot noise process. See also Rolski et al (1999, Chapterll).

The generator of the process (A (¢), N (¢),t) acting on a function f (A, n,t) be-

longing to its domain is given by

@3) afonn= -8l {/f(M nLDIG W) T e 0)

0
where the three parameters of the shot noise process, i.e. ¢, p and G(y) are constant
in time. Itissu¢cient that f (A, n,t) is dicerentiable w.r.t. X, ¢ for all A\, n, ¢t and
that for | [ f (-, A+y,-)dG(y) — f (-, A, -)‘ < oo for f (A, t) to belong to the domain
0
of the generator A.

Now let us ..nd a suitable martingale in order to derive the Laplace transform of
the distribution of A (¢) at time ¢. We also need it to change the measure applying
the Esscher transform, i.e. it can be used to de..ne the Radon-Nikodym derivative

5 Where P is the original probability measure and P* is the equivalent martingale

probability measure with new parameters involved.
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Lemma 1. Consider constants )" and v* such that /™ > 1 and v* < 0. Then
T 1
(34) PN exp (=" (t) ) exp Lp/ {1—y*g (v 55)}dsJ
0

is a martingale where g (u) = f e~ "dG (y).

Proof. From (3.3), f (A, n,t) hasto satisfy Af = 0for f(X (¢),N (t),C (t),A(t), M (¢),t)

to be a martingale. Setting f (\, n,t) = ¢ exp (—7*Ae’?) eB®) we get the equation
(3.5) —A\6Y e 4+ B (t) + sAy*e +p{v*g (V*e&) -1} =0

and the solution is

356) Aft) = /{1_ i (v e?) ) ds

0

by which the result follows. O

Using this martingale we can easily obtain the Laplace transform of the distrib-

ution of A (¢) at time ¢,

3.7) E{e’”’\(t) I\ (0)} = exp (—ve’ét)\ (0)) exp {—p/ {1-g (Ue"ss)} ds}

where v > 0.

4. The Esscher transform and change of probability measure

In general, the Esscher transform is de..ned as a change of probability measure
for certain stochastic processes. An Esscher transform of such a process induces
an equivalent probability measure on the process. The parameters involved for the
Esscher transform are determined so that the process is a martingale under the
new probability measure. We will examine an equivalent martingale probability
measure obtained via the Esscher transform (Gerber and Shiu 1996 and Dassios

and Jang 2003).
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From the duality result in the previous section we see that the underlying sto-
chastic process for accumulated aggregate claims process can be considered as a

shot noise process, which is a generalized Lévy process as (3.2) can be expressed as

X () = 6\ (t) dt + dK (t)

N(t)
where K (t) = ). Y (¢) is a pure-jump process (Poisson arrivals of jumps of a
=1

given distributioh}, we will have in..nitely many equivalent martingale probability
measures. In other words, we will have several choices of equivalent martingale
probability measures to derive the Laplace transform of the distribution of the
accumulated aggregate claims, as the market is incomplete. The Esscher transform
provides one choice of an equivalent martingale probability measure in this setting.

Let us examine how the generator A* of the process (A () ,N (¢),t) acting on
a function f (A, n,t) with respect to the equivalent martingale probability measure

can be obtained.

Lemma 2. Let v* be a nonnegative constant. Assuming that f (n, A, t) = f(\,t)
for all n and that e=* X is a martingale with X (t) an adapted process. The
generator A* of the process (A, t) acting on a function f (\,¢) with respect to the

equivalent martingale measure is given by

A {f(\1) eV XD

(1) AT f) = =

Proof. The generator of the process (A (¢),t) acting on a function f(\,t) with

respect to the equivalent martingale probability measure is

42) AT F(\D) :%E* VWHdt%HZ?IMw:A] e’}

We will use E(%XX(Z)) as the Radon-Nikodym derivative to de..ne equivalent mar-
e

tingale probability measure. Hence, the expected value of f (A¢1q4¢, ¢ + dt) given
A: = A with respect to the equivalent martingale probability measure is

4.3)

E[f(A(t+dt),t+dt)e v Xt |\ (1) = )]

E*[f(N(t+dt), t +dt)|Ae = A = B (e Xy =)
=
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Since e=*"*® in (4.3) is a martingale, it becomes

(4.4) B [f (Mt +dt),t +dt) |\ () = A]

t+dt
Ot e+ [ E[A f(Ag,s)e V" XO)|\, = A] ds

t

e—v*X(O)
Set (4.4) in (4.2) then
[Af Q) em XN @) = A ds
4.5 A" f(\t =—1
@5 A fO)=— ouii%/ —
Therefore, from Dynkin’s formula (4.1) follows immediately. O

Now let us look at how the dynamics of process A (¢) and N, change after changing
probability measure by obtaining the generator A* of the process (A (t), N (t),t)
acting on a function f (A, n,t) with respect to the equivalent martingale probability
measure. This is the key result that we require to establish the distribution of the

accumulated aggregate claims under our equivalent martingale measure.

Theorem 1. Consider constants 1" and v* such that v* > 1 andvy* < 0. Suppose
that g (v*e®") < co. Then
(4.6)

af of

A" f(\n t)— 6A— +p {/f(/\+y,n+1,t)dG* (y;t)—f()\,n,t)$
Lo )

where p* (t) = py* g (y"e®) and dG* (y;t) = exp(—~"e’ 'y)dG(y)

G(y*edt)

Proof. From Lemma 1 we can use

t
w*N(t) exp (—’V*A (t) e&t) exp [p f {1 — g (7*655)} ds}
0

4.7) ;
E q/;*N(t) exp (—y*\ (t) e) exp [P{ {1— 9 g (ye®)} ds”
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as the Radon-Nikodym derivative to de..ne an equivalent martingale probability

measure. Therefore from lemma 2,

A" fFAN(8) , Niyt) = A f(, N, t)

¢*N(t) exp (—’y*)\ (t) e&) exp [P{ {1 -G (7*665)} ds}

X t '
E w*N(t) eXp(—’}/*)\(t) e5t)exp [pbf{l _w*g(,}/*eés)}ds}}

Using the generator with respect to the original probability measure,

A FONE),N (), 08O exp (<774 (1) ) exp [p [ti-wiGrey ds}

0
&g
= | +o{y” _Of F A+ y,n+ 1t)exp (—y*e’y) dG(y)
] —ptg (v ett) £ (A, 1)} |
Xd}*N(t) exp (77*)\ (t)e6t) exp [p/ {1 — G (7*655)} ds] )

0

Therefore
(4.8)
0
N ex _ *eét
where p* (t) = pi*g (7*€®t) and dG* (y;t) = %m. O

Theorem 1 yields the following:
(i) The rate of jump arrival p has changed to p* (t) = py* g (v*e%)
(it now depends on time);
(i) The jump size measure dG (y) has changed to dG* (y;t) = ﬂ%ﬂ
(it now depends on time);
In other words, the Esscher measure is the measure with respect to which )\,
becomes the shot noise process with three parameters of &, p* (t) = py*g (y*e®t)
and dG* (y;t) = %)dﬁﬁ. To ensure that our model is arbitrage free we

then need to ensure that there is consistency between the reinsurance and primary
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insurance premiums under the selected Esscher measure. We refer to Sonderman

(1991) for more details.

5. Reinsurance Premium via Transform Analysis

Similar to the previous section, but with time dependent parameters of p (¢) and

dG (y;t) as we have witnessed as results of changing measure, i.e. based on

af , 591
ot

aran =2 a2l {/f(lﬂ/,t) 4G (y:t) - f(ht)}

al

we can easily derive the Laplace transform of the process at time ¢, i.e.

(5.1)
L(t 5t ’V / 6(t—s —I
E{eiv O (O)} = exp (—ve” L(0)) exp | — /p(s) {1 —§ (1)67 (t=9), S) } ds
[ |
where p (t) is bounded in all intervals [0,¢) (no explosions) and p (¢) and G (y; t) are
Riemann integrable functions of ¢ and all positive. If the jump size distribution is
exponential, i.e.

g(yit) = (a +~e ) e (a+re™)y

7

y >0, —ae® < v <0, we have

_ R _L
'}/+Oé€6t 5 '}/+V€6t+a B
v +a v+ (v + a)edt

(5.2) exp (fve&L (0)) (

Therefore, assuming that L (0) = 0, the Laplace transform of the distribution of

the accumulated aggregated claims is given by

69 o { [ o135} ds}

0
and if the jump size distribution is exponential it is given by

- L _L
’y—i—aeét) &<’y+l/eét+oz) 5

>4 ( 7+ v+ (v +a)e’
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Now let us obtain the Laplace transform of distribution of accumulated aggregate
claims and its mean with respect to the Esscher measure. From Theorem 1 and
(5.3), the Laplace transform of the distribution of the accumulated aggregated

claims with respect to the Esscher measure is given by

t
(5.5) exp [—/p*(s) {1 —-3g (ve‘s(t_s); s) } ds-l )
K J
If the claim size distribution is exponential, it is given by

* *

_ate _ab¥*p
(56) (,y* +Oé€6t> & < ,y*_’_l/eﬁt + a ) s
' Tt a 7t (vt a)e

In practice, the reinsurer will select the Laplace transform of the distribution of
the accumulated aggregate claims to calculate the premium for stop-loss reinsurance
contract using ¢* > 1 andv* < 0. Thisresultsin the reinsurer assuming that there
will be a higher value of claim size and more claims occurring in a given period of
time. These assumptions are necessary, as the reinsurer wants compensation for
the risks involved in operating in incomplete market. The reinsurer also aims
to maximize their shareholders’ wealth by earning pro..ts rather than operating at
breakeven point where premiums are equal to the expected claims that is calculated
with respect to the original probability measure.

If v¥* =1 and v* = 0 then net premium is calculated which should cover the
expected losses over the period of contract. Therefore we can consider ¢* and ~* as
security loading factors by which gross premium, that should be ..nally charged, will
be calculated. However, as expected, we have quite a fexible family of equivalent
probability measures by the combination of ¥* and v*. It means that insurance
companies need to choose one of the Laplace transform of the distribution of the
accumulated aggregated claims in order to calculate its premium that should be
..hally charged, i.e. an arbitrage-free premium, based on their attitude towards
risk. One of the interesting results by changing measure (i.e. by assuming that

there is an absence of arbitrage opportunities in the market) is that we can justify
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reinsurers’ security loading on the net premium for stop-loss reinsurance contract
in practice.

The Laplace transforms of the distribution of the accumulated aggregate claims
associated with changes in probability measure are shown below. We can easily ..nd
thatifwe set¢y™ = 1 and v* = 0, itis the Laplace transform of the distribution of the

accumulated/discounted aggregate claims with respect to the original probability

measure.
Laplace transform
w*>1and f< 0 ( * aeﬁt)_ ; ( * 10t a)"wﬁia
v 7 fa Yt (vta)elt
* *__ .IL“‘& 7%9
B*> 1 and v*= 0 (vea)
o) L
* * 1*;‘:0&3&)76 (J_'l'_‘i‘_* vettia )76
P=1land y*<0 ( Tt ¥+ (vta)edt
_
. . 5t 6
P*=1and y*=0 (u+a>

Let us look at how the Laplace Transform can be used to evaluate the premium

for a stop-loss reinsurance contract. First notice that

E* [e—” (L(T) fb)ﬂ = 0T /:O (@ —b)dFp ) (2)

e TE [L(T)1pyss] —e *THE 1

L(T)>b]

where Fr(r) (z) is the distribution function of the accumulated aggregate claims
L (T) with respect to an equivalent martingale probability measure. However as
mentioned earlier in introduction, it is not possible for us to obtain its distribution
explicitly. So we calculate the stop-loss reinsurance premium numerically.

By analogy with option pricing problems in ..nance we can ..rst notice that
the shot noise process is ‘a®ne’. This suggests that transform analysis techniques
developed by Heston (1993) and Duce et al (2000) might prove useful. We highlight
their methodology as applied to our problem below.

We know from the previous section the Laplace transform ¢ (—v) of L (T).
s(-v)=F {e’”L(T)}

and can consider the function

é(z):/Zeizyd (/OdeLm (a:)),
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and hence

6@ = [ emare,w)

E [e#t7] = ¢ (iz) .

Recall that

s(-v) = E{ef'”L(T)}

_ 4 _atp
,}/* +O¢€6T 5 ’Y*+V€6T+O( 8
7+ a v+ v+ a)ed ’

and the standard Lévy inversion formula gives

E [1L(T)§y} = G(y)
_ GO 1 /OO 1 —izy (3
= 5 ) ZIm(e G(z))dz.

Consider now the function

H(z) = /:eizyd (/OJ 2dFyp (x)) .

Assume [ |H (y)|dy < oo, and we ..nd that

Be = [ evydrn )

E |:L (T) 6izL(T) ’

which can be calculated as follows. Dicerentiating ¢ (—v) with respect to —v gives

—a%g(—V)

E {L (T) e_VL(T)}

*

_aka _abp
B <,y*+a65:r> 5 <7*+V66T+a) 5
-\ r+a v+ttt
( (! — 1) ¢* pae’” )
X

6 (v + et +a) (v + (v + a)e)

= 77(_’/)’

and hence

=)

(2) = n(iz).
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Since we now have a closed form formula for H (y) the inversion lemma gives

E[L(T)1rry<y] = H(y)
_ J_Eﬁ 0 l = _1 —izy 1
= 5 /o zIm (e H(z)) dz,

with

which allows us to calculate the stop loss premium as
E[L(T) 1)) = E[L(T)] = E[L(T)15(m)<s] -

As an illustration, of our methodology the following stop-loss premiums have
been calculated corresponding to dicerent retention level b and parameters a =

0.01,6 = 0.05,p = 50,7 =1

[1] Buhlmann, H., Delbaen, F., Embrechts, P. and Shiryaev, A. N. (1996) : ""No-arbitrage, change

Retention b v =12 v =1 vi=12 v =1
v = —0.002 v = —0.002 v=0 v = —0.002
0 9034.3 7528.6 5852.5 4877.1
4877.1 4395.2 2892.7 1269.5 514.4
5852.5 3649.0 19934 578.6 147.7
7528.6 1931.3 735.4 67.8 6.6
9034.3 829.3 179.0 4.1 0.1
10000 388.9 5.45 0.4 0
11000 145.6 1.26 0 0
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